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Abstract. We study the extension of the Kechris-Solecki-Todorcevic dichotomy on analytic graphs to 
dimensions higher than 2. We prove that the extension is possible in any dimension, finite or infinite. 
The original proof works in the case of the finite dimension. We first prove that the natural extension 
does not work in the case of the infinite dimension, for the notion of continuous homomorphism used 
in the original theorem. Then we solve the problem in the case of the infinite dimension. Finally, 
we prove that the natural extension works in the case of the infinite dimension, but for the notion of 
Baire-measurable homomorphism. 

1 Introduction. 

The reader should see [K] for the standard descriptive set theoretic notation used in this paper. 
We study a definable coloring problem, in any dimension. We will need some more notation: 

Notation. In this paper, 2<d<u will be a cardinal, i.e., any dimension of an actual product making 
sense in the context of descriptive set theory. The letters X, Y will refer to some sets. We set 

A d (X):={( Xl ) ied eX d | Vied Xi=x }. 

Definition 1.1 Let ACX d . We say that A is a digraph if A n A d (X) =0. 

Notation. Let u : X — > Y be a map. We define amapK d :l d ^F d by 

u d [(xi) ied ]:=[u(xi)} ied . 

Definition 1.2 Let A C X d be a digraph. 

(a) A coloring of [X, A] is a map c:X^Y such that A n (c d )~ 1 [A d (Y)] = 0. 

(b) Assume that X is a Polish space. The Borel chromatic number of [X, A] is 

Xb(A) :=min{ Card(Y) \Y is a Polish space and there is a Borel coloring c:X — > Y of [X, A] }. 

2000 Mathematics Subject Classification. Primary: 03E15, Secondary: 54H05 
Keywords and phrases. Borel chromatic number, dimension 

Acknowledgements. I would like to thank the anonymous referee for the simplification of some proofs in this paper. 



1 



The goal of this paper is to characterize the analytic digraphs of uncountable Borel chromatic 
number. This has been done in [K-S-T] for graphs, i.e., for symmetric digraphs, when d= 2. We will 
give such a characterization in terms of the following notion of comparison between relations. 

Notation. Assume that X, Y are Polish spaces, and let A (resp., B) be a subset of X d (resp., Y d ). 
We set 

[X,A] < B [Y,B] 3u:X^Y Borel with A C 

In this case, we say that u is a Borel homomorphism from [X, A] into [Y, B\. This notion essentially 
makes sense for digraphs (we can take u to be constant if B is not a digraph). If u is continuous (resp., 
Baire-measurable, arbitrary), then we write < c (resp., <Bm, ^) instead of <b- Note that xb(A) <oj 
is equivalent to [X, A] <b [w, ^A d (uj)]. 

We also have to introduce minimum digraphs of uncountable Borel chromatic number: 

• Let ipd'-u^ d <u) be the natural bijection, for d < u>. More specifically, 

- If d < u, then Y'd(O) := is the sequence of length 0, ^d(l) := 0, i/)d{d) '■= d— 1 are the 
sequences of length 1, and so on. 

- If d = u), then let {p n ) n&u) be the sequence of prime numbers, and I : uj <uj — > oj defined by 
1(0) := 1, and I(s) := Pq^ +1 ••■Pff i-i if s 7^ 0. Note that I is one-to-one, so that there is an 
increasing bijection y):Seq:=/[u; <a; ] — >u>. If t GSeqCaj, then we will denote t:=i" _1 (i) Gw <w . We 
set := {ip o I)^ 1 : to ^u <U} . Note that tfj^ is a bijection. 

• Note also that |Y><i(n)| <n if n£u>. Indeed, this is clear if d<co. If d=u, then 

Ity u (n) |0] < J[^ w (n) 1 1] < ... < /[^ (n)] , 
so that (ip o /) [-0^(71)10] < (<p o /) (n) 1 1] < ...< (ip o ^[^(n)] =n. This implies that |^ w (n)| <n. 

• Let n G w. As 1^(^)1 < we can define s d := 70<f,(ra)O™~l^ d (™)L The crucial properties of the 
sequence {s d ) neu> 316 tne following: 

- For each s G <i <a; , there isnSw such that sCsJ (we say that (s d ) n&UJ is dense in <i <a; ). 



• We put 

A d :={(s d i 7 ) ied |nG^and 7 G^}C(^) d . 
Note that € since the map (n, 7) i-> (s^nOigd is continuous. 

The previous definitions were given, when d = 2, in [K-S-T], where the following is proved: 

Theorem 1.3 (Kechris, Solecki, Todorcevic) Let X be a Polish space, and A G ~E\ (X 2 ). Then exactly 
one of the following holds: 

(a) [X,A] < B k-A 2 (u;)]. 

(b) [2-,A 2 ] < c [X,A]. 

This result can be extended to any finite dimension d, with the same proof. 
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Theorem 1.4 Let d>2 be an integer, X a Polish space, and A G T\{X d ). Then exactly one of the 
following holds: 

(a) [X,A] < B [u,^A d (oj)}. 

(b) [d",A d ] < c [X,A\. 

We want to study the case of the infinite dimension. 
Theorem 1.5 We cannot extend Theorem 1.4 to the case where d = uj. 
Notation. In order to get a positive result in the case of the infinite dimension, we put 

G^laGw" | VmGw 3n>m s^OCa}. 
Note that G is a dense Gs subset of 

The main result of this paper is the following: 

Theorem 1.6 Let X be a Polish space, and j 4gS[(1 w ). Then exactly one of the following holds: 

(a) [X,A] < B k-A w (w)]. 

(b) [G,A w nG1 < c [X,A\. 

So we have a general characterization, in any dimension d, of analytic relations A C X d for which 
[X, A] 2<£ [oj, -iA d (cj)]. In particular, we have a characterization of analytic digraphs of uncountable 
Borel chromatic number. 

Theorem 1.5 says that we cannot extend Theorem 1.4 to the case where d = oj for the notion of 
continuous homomorphism in (b). However, the extension of Theorem 1.4 to the case where d=oo is 
possible for the notion of Baire-measurable homomorphism: 

Theorem 1.7 Let X be a Polish space, and A£'S\(X U) ). Then exactly one of the following holds: 

(a) [X,A] < B [w,--A w H]. 

(b) [l/A] <Bra [X,A\. 

2 The proof in finite dimension. 

Let us start with two general lemmas: 
Lemma 2.1 Let G be a dense Gs subset of dk° . Then [G, A d n G d ] ^Bm [u, ^A d (oj)]. 

Proof. We argue by contradiction. This gives a Baire-measurable function u : G —> oj such that 

A d n G d C (u d y 1 [^A d (uj)}. As G = \J ieui n _1 ({i}), there is an integer i such that n~ 1 ({i }) 
is not meager and has the Baire property in G. This implies the existence of s <G d <u) such that 
(G (~l Ar s )\u _1 ({z }) is meager. Let H be a dense G 5 subset of G such that H n N s C u _1 ({z })- 
We choose n G oj with s C s^. Note that : iV s d — > iV s dj defined by fn( s n®l) '■= s d i^y is an 
homeomorphism. This implies that Pliew (/n) _1 (-^0 * s a dense (7,5 subset of AT s d . We choose 
407Gn iew Uir l {H). We get (4nWeA d n(ffn iV s ) d C [u- 1 ({i })] d , which contradicts the 
fact that A d nG d Q(u d )- 1 [^A d (oj)]. □ 
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Definition 2.2 Let A C X d . We say that CQXis A- discrete ifAC\C d = $. 

Notation. The reader should see [M] for the basic notions of effective descriptive set theory. Assume 
that X and X d are recursively presented Polish spaces, and that A£ E\(X d ). We put 

U :=\J {D £ A\(X) | D is ^-discrete}. 

Note that U G Tll(X) if the projections are recursive. 

Lemma 2.3 Assume that X and X d are recursively presented Polish spaces, A G El{X d ), and 
U = X. Then [X,A] < B [w, -A d (o;)]. 

Proof. As U = X, there is a partition (Dn)new of X into A-discrete A\ sets. We define a Borel map 

u:X —kjj by u(x) = n <s>i£ D n . If (xi)^ G A, then we cannot have [u(a;j)]j e< j G A d (cj), since the 
D n 's are ^4-discrete. □ 

We will recall the proof of Theorem 1.4, to show the problem appearing in the case of the infinite 
dimension. It is essentially identical to the one in [K-S-T], except that we do not use Choquet games. 

Notation. Let Z be a recursively presented Polish space. The Gandy — Harrington topology on Z 
is generated by E\(Z) and denoted Ez- It is finer than the initial topology of Z, so that [Z, Ez] is 
T\. As E\(Z) is countable (see 3F.6 in [M]), [Z, Ez] is second countable. We set 

n z := {z€Z | wf=o;f K }. 

Recall that VLz is E\(Z) and dense in [Z, Ez] (see III. 1.5 in [S]; the second assertion is Gandy 's basis 
theorem). Recall also that W n flz is a clopen subset of [Qz, £>z] for each W G El(Z). Indeed, it is 
obviously open. Let /: Z^^ be A\ such that Z\(W D Q z ) = f~ 1 {WO) (see 4A.3 in [M]). We get 

zen z \{W nn z ) zen z and 3£<wf K (f(z)eWO and |/(z)|<0- 

This proves that W PI Qz is closed (see 4A.2 in [M]). In particular, [Qz, %z\ is zero-dimensional, 
and regular. By Theorem 4.2 in [H-K-L] and 8.16.(iii) in [K], [Tlz, Ez] is strong Choquet. By 8.18 
in [K], [Qz, Ez] is a Polish space. So we fix a complete compatible metric dz on [Qz, ^z\- 

Proof of Theorem 1.4. Note first that we cannot have (a) and (b) simultaneously, by Lemma 2.1. 

• We may assume that X is a recursively presented Polish space and that A G El(X d ). We set 
$ := {C C I | Cis ^4-discrete}. As $ is Til on tne ^ rst reflection theorem ensures that if 
C G E\{X) is A-discrete, then there is D G A\(X) which is ^4-discrete and contains C (see 35. C in 
[K]). 

• By Lemma 2.3 we may assume that U^X, so that Y :=X\U is a nonempty E\ subset of X. The 
previous point gives the following key property: 

vceEl(x) Ar\C d ^%). 
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• We construct (x s ) sed <^ C Y, (V s ) sed <" C X^X) and (?7n,t)(n,t)6a;xd«- ^ ^(X**) satisfying the 
following conditions: 

{i)x s £V s cYnn x and fe^ef/^cin^nfi^, 

(2) V sm C T4 and Z7 nitm C Z7 n , t , 

(3) diam dx (V s ) < 2-1^1 and diam^ (U n , t ) < 2^-^ . 

• Assume that this is done. Fix a G d w . Then (V a \ p ) p&UJ is a decreasing sequence of nonempty clopen 
subsets of [Ox, Ex] whose dx -diameters tend to zero, so there is u(a) in their intersection. This 
defines u : d^ — > X. Note that <ix[^a|pi u ( a )] < diam^ x < 2~ p , so that u is continuous and 
{x a \p)peuj tends to u(a) in [X, 

If (s^ry)j e< 2 G Arf, then (C/ n7 | p ) pea; is a decreasing sequence of nonempty clopen subsets of 
[fix d > S X d] whose d X d -diameters tend to zero, so there is (a^)^ in their intersection. Note that 
(ai) ied G A. Moreover, the sequence ([z s di( 7 |p)]ied) P eu; tends to (aj) i6d in [X d , I7 X d], and in 
[X d , too. As (^ s dj( 7 | p )) pew tends to u(s d ij), we get u(s^ry) = «j, for each i G d Thus 

[«(«n*7)]»edG^- 

• So it is enough to see that the construction is possible. As Y is a nonempty E\ subset of X, we can 
choose G Y PI Ox, and Vg G 2^ (X) such that G V@ C F n Qx and diam^ (Vq) < 1. Assume that 
{ x s)\ s \<b (Vs)\ s \<i and (U nj t) n +i+\t\<i satisfying (l)-(3) have been constructed, which is the case for 
I = 0. Let C be the following set: 

{xGX | 3(y s ) sed i£X dl y gd = x and Vs€(t y 8 €V, and Vn<Z VtG^ _n_1 {y s d it)ied £ U n: t}- 

I n 

Then C G E^(X) since d is an integer, x s d G C C y by induction assumption. So there is (x^i^d 
in A n C d n X d » by the key property. As x s d m G C, we get (x sm ) sgd ;y| s d|. It remains to choose 

- V sm G E\ (X) with x sm G y sm C V, and diam^ (V sm ) < 2~ l ~ 1 , for s£d l and m£d. 

- U lfi G ^(X d ) with (x a{Ii )ied e u i,9 QAr)Y d nn x * and diam^ (17, )0 ) < 2~ l -\ 

- Unjm G El(X d ) with (x s d itm ) ied G C/ njtm C U n>t and diam^ d (C/ n , tm ) < 2~ l ~ l , for (n,t) in 
ioxd <w with n+l + |i| = Z and mGeZ. □ 

3 The natural extension in infinite dimension does not work. 

Theorem 1.5 is a consequence of Lemma 2.1 and of the following result: 
Theorem 3 , kj\ ^ c [G, A w n G w ]. 
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Proof. We argue by contradiction. This gives a continuous map u : uj^ — > G with A^ C (v?) 1 (A^). 

• Let us prove that there is a G uo w and (s n ) neui G (uo^Y such that 

u[/3(0)O a (°)/3(l)O a W...] = s /3(0)si/3(l)... 

for each (3 G We construct a{n) and s n by induction on n. Assume that a\n and (s p ) p<n are 
constructed satisfying 

s%< p[1+aU)] tO™ and [t(0)0 Q (°)..i(p)0 Q ^C 7 So t(0)..,^( P )C,( 7 )] 

for each p < n and t G cj p+1 . We will construct a(n) and s„ satisfying 

s%^ [l+aU)] C0°° and [t(0)0 a (°)...t(n)0^C 7 =>. s t(0)...s n t(n)Cu( 1 )} 

for each t G oo n+1 , which will be enough. Note first that there are m G oj and <5 G uj w with 

[w(s^ ^ [i+a(j)]^°°)]iew = ( s m^)ieui- As -u is continuous, there is pGw such that 

^,<„[ 1+ aO)] 10P ^ <1S«(7). 

Note that s!£ ^7 =^ s m* u (t)> f° r eacri i G cj. Indeed, let e G Then 

[ u ( s s J<n [i+a(j)] i0P£ )]^ G A w n [iV s ^ xiV s - i x C n i6w iV s ^j. In particular, this implies that 

s 0...s n _iOCs^ since s 0...s n _iO C u(s% j<n[1+a(j)] iO p e). 

- If n = 0, then we choose a(0) >p such that 1+a (°) = s" +a ^ Q y we set so : =Sm> an ^ we 316 done. 

- If n > 0, then we set s n := — (so0...s n _iO). We will prove, by induction on I < n, that 

Vt£uj n+1 n ~ l Qt [t(0)0 Q(0) ...t(n-l)0 Q(n - 1) t(n)0 p C 7 g i(0)...a n t(n)C o ( 7 )]. 

We already proved it for / = 0. Assume that it is true for I < n, let t G u; n+1 with o n_ ' _1 C t, and 
assume that t(0)0 a (°)...t(n-l)0 Q ( n - 1 )t(n)0 p C 7 . We set e:=j-[t(0)0 a ^ ...t(n-l)0 Q ( n - 1 )t(n)(F]. 
Then by induction assumption on Z we get 

S0 0...^_i0 Sn ^(n-Z)...s n t(^ 

But by induction assumption on n we get, for each iGw, 

S 0...Sn-i- 2 Sn -Z-liC U [4 j<n _ ; ^ 

But (M[4. <n _ j _ i[1+a(j)] i0 a ( n - i - 1 )t(n-Z)0 a ( n -')...t(n-l)0 Q ( n - 1 )t(n)0%])i Gw GA w . This implies, 
for each iGw, that u[4, <n _ ; _ i[1+a(j)] i0 a ^ begins with 

so0...s n _j_20s n _z_iis n _;i(n — l)...s n t(n). In particular, this holds for % = t(n — l — \), and we are 
done. 

It remains to choose a(n) >p such that s j<nl 1 + a (j)] =«s < [i+ a (j)Y 
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• If s e uj-", then we set N[s] := Card{n € to | s^O C s}. Note that N[a] = uj if a € G. By 
induction on p, we can construct (3{p) such that A r [so/3(0)...s p /3(p)s p+ i] = iV[so]. This implies 
that 7V[a /9(0)si/9(l)...] =iV[a ] < w, and u[/3(0)O a (°)/3(l)0 Q ( 1 )...] ^ G by the previous point, which 
is absurd. □ 



4 The proof in infinite dimension. 

Before proving Theorem 1.6, note first the following result: 

Theorem 4.1 There is no (Xq, Aq), where Xq is a metrizable compact space and A € Y\{X%), 
such that for any Polish space X, and for any A G S} exactly one of the following holds: 

(a) [X,A] ± B [oo,^A"{u)}. 

(b) [X ,A ] ^ c [X,A\. 

Proof. Suppose towards a contradiction that such (Xq,Aq) exists. Note that Ao /0, since otherwise 
we would have [Xq, Ao] -<b [w, By Lemma 2.1, we now get some continuous u : Xq — >u/' ; 

such that Ao C (u u3 )^ l (A w ). Then u[Xq] will be a compact subset of and hence contained in some 
product ko x k\ x ... C uo w , where the fcj's are finite. Notice however that (ko x fci x n A w = 0, and 
thus A C (M w ) _1 [(fc x fei x n A w ] = 0, which is a contradiction. □ 

Assume temporarily that there is a Polish space Xq and Ao such that the end of the statement of 
Theorem 4.1 holds. By Theorem 4.1, Xq cannot be compact. Note that we may assume that Xq is 
zero-dimensional, since there is a finer zero-dimensional Polish topology on Xq (see 13.5 in [K]). 
This means that we can view Xq as a closed subspace of uj^ (see 7.8 in [K]). As Xq is not compact, 
the tree associated with this closed set (see 2.4 in [K]) is not finite splitting (see 4.11 in [K]). The 
proof of Theorem 1.6 will have the same scheme as the proof of Theorem 1.4. We have to build 
infinitely many V^'s at some levels of the construction, since the tree associated with Xq is not finite 
splitting. The only place where the proof of Theorem 1.4 does not work in infinite dimension is when 
we write "C€El(X) n . 

The main modifications to make are the following: 

- As we have to build infinitely many Vg's at some levels of the construction, it is not clear at all that 
C remains S\, since H\ is not closed under infinite intersections. However, S\ is closed under V w , 
and this will be enough. We will have to build the V,'s uniformly in s at each level of the construction 
to ensure that C is and it is possible. We will also ensure that there are only finitely many U n /s 
at each level of the construction, to ensure that C is E\. 

- The reason why Theorem 3 is true is that we cannot control all the diameters in G at each level 
of a construction that would give a map u : w w — > G. We will only control finitely many diameters, 
since we want C to be Z^ 1 . This is the reason why we will work in G instead of uj^. This gives the 
possibility to control only one diameter at each level of the construction among the V s 's (and finitely 
many among the U n /s). So the point in the proof of Theorem 1.6 is that we cannot build the S\ sets 
uniformly at each level of the construction and control all the diameters at the same time. 
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Proof of Theorem 1.6. Note first that we cannot have (a) and (b) simultaneously, by Lemma 2.1. 

• Note that there is a recursive map s : uj — > uj such that s(l) codes sf, i.e., s(l) = I(sf ) (see the 
notation in the introduction). Indeed, there is a recursive map (p : uj — > uj whose restriction to Seq is an 
increasing bijection from Seq onto uj. Now (v%eq) _1 defines a recursive map tp^ : uj — >w. It remains 
to note that s(l)=t is equivalent to 

iGSeq and lh(t)=i and Vi < I [i <lh[^ w (Z)] and (<)* = (V> w (0)*] or [i>lh[^ w (Z)] and (t)i = 0]. 

• We may assume that 

- The 's are recursively presented Polish spaces, for I G w. 

- The projections are recursive. 

- The maps n,:wxr'^I defined by 

Ui[t,(x s ) seul i}=x 44> iGSeq and lh(t)=l and x = xj 
are partial recursive functions on {t G uj \ i G Seq and lh(i) = 1} x X^' , for / € a;. 

- The maps U' 1 :uj 2 x -> X w defined by 

nj[n, t, (x s ) sgw i] = (yj)j ew 44> iGSeq and n+l+lh(£)=/ and ViGw Vi = x a ^ a 

are partial recursive functions on {(n, t) £uj 2 | iGSeq and n+l+lh(i) =1} x , for / Gw. 

• We set $ := {C C X | C is A-discrete}. As & is 77^ on ITj 1 , the first reflection theorem ensures that 
if CgEi(X) is A-discrete, then there is D G A\{X) which is A-discrete and contains C. 

• By Lemma 2.3 we may assume that U^X, so that 1" :=X\U is a nonempty Z 1 / subset of X. The 
previous point gives the following key property: 

• We construct (x s ) sew <^ cy, (Vs)^^ C El(X), and (C/"n,t)(n,t)ea;xa;<" ^ Si(X w ) satisfying the 
following conditions: 

(1) x s eV s CY nfi x and (x^ajfeGf/^anY^nOx., 

(2) V sm C T4 and ?7 njtm C C/ njt , 

(3) diam (ijf (y sr o)<2- i and [<0t = #0 diam^ (C/ n , t ) <2~<], 

(4) For any fixed |s|, the relation "x G 14" is a S\ condition on (x, s), 

(5) For any fixed n and fixed \t\, the relation "(Xi)iew £ ^n,t" i s a condition on [(xj)j gw , t}. 
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• Assume that this is done. Fix a G G. Then (V a \ p ) peu} is a decreasing sequence of nonempty clopen 
subsets of [fix, Ex] whose dx -diameters tend to zero, so there is u(a) in their intersection. This 
defines u : G — > X. Note that dx [x a \ p , u(a)] < diam^ x {V a \ p ), so that u is continuous and {x a \ p ) p&u) 
tends to u(a) in [X, Ex]. 

If {snij)ieui G A w n G w , then ({/ n t -y\ p ) P eui is a decreasing sequence of nonempty clopen subsets 
of [Slx u , Ex*] whose dx«> -diameters tend to zero, so there is (aj)j ew in their intersection. Note 
that (ai)i eu> G A. Moreover, the sequence ([s s ^j( 7 | p )]iew)pew tends to (aj)j ew in £x<"], and in 
too. As (x s wj( 7 |p))j, e(J tends to u(s^ry) in [X, J7x], we get u^s^ij) = osi, for each i € w. 
Thus [M«!7)]te w 6A 

• So it is enough to see that the construction is possible. If Vg is any E\ set, then clearly (4) holds 
for s of length 0. Now suppose that V s has been defined for all s G u- 1 and that (4) holds. Then in 
order to define V r for r G a/ +1 , while ensuring (4), we will let V s <fo C be some chosen 27* set of 
diameter at most 2~ l (to be determined later on) and V sm :=V S for all sm / s^O. Then for r G cj' +1 

xeV r <^ (r = sf0 and xeV^ ) or (r = sm^sf0 and x£V s ), 

which is S\ in (x, r) by the induction hypothesis. 

Similarly, if U n is any 27/ set, then clearly (5) holds for t of length 0. Now suppose that U Hi t 
has been defined for all t G uo- k and that (5) holds. Then in order to define U n ^ r for r G 
while ensuring (5), we again split into two cases. If sffir = s^OtO = sfO, then XJ n , r C U nt will 
be some chosen S\ set of diameter at most 2~ l (to be determined later on). On the other hand, if 

s^Or = s^Otm ^ sfO, then we set U n>r := U n>t . Then for r G uj k+1 

( {s%0r = s%0t0 = sf0 and ( Xi ) i&v G U n , r ) 
(xi) i€ uj£U ntr ^ < or 

[ (s%0r = s%0tm^sf0 and (xi) iea , G £/"„,*), 

which is 27* in r] by the induction hypothesis, since s^Or = s^O can hold for only finitely 

many (n, r) Gcj x u; <w . 

Notice that in this way (2) and (3) are also satisfied, so it remains to define V 8 u>o, U n $ and U n ^ r 
for s%0r = sf0 of diameter small enough such that (1) also holds. 

- As Y is a nonempty E\ subset of X, we can choose X0 G Y n fix, and set V0 :=Y (~l Ox- 

- The key property applied to Vg gives (xi)i£ W Gifl Vff n Ox-- We choose [/ Oj0 G E$(X U ) such 
that (xj)j ea , G ?7 O Cin VjTl $7x- and diam^^ (f7 O) 0) < 1. Then we choose Vq G E\{X) such that 
z G Vb C V % and diam dx (l/ ) < 1. Assume that {x s )\ s \< h {V s )\ s \< h and {U n , t ) n +\+\t\<i satisfying 
(l)-(5) have been constructed, which is the case for I < 1. 

- We put 

C:={i£l I ](i/ s ) s&1 er' y s f=x and VsGu/ i/ s Gy s and Mn<l ViG^™- 1 
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Then x s y G C, by induction assumption. Moreover, C G S\ , by conditions (4) and (5) since E{ 
is closed under V^. The key property applied to G gives (x s ^i)i eui Gin C w n Ox^- As x s ^ m G C, 
there is {x sm ) seui i\^ s ^ C X such that x sm G V, for each sGw' and (x s w itm ) ieu , G f7 nj t for each n < I 
and each iGu/ _n_1 . This defines (x s ) s6w j+i. 

We choose £7^ G ^(X'") such that (x s ^i)ig w G ^,0 C -4 n Vfi n Ox- and diam dx „ (l^ ) < 2~ ; , 
and F s - G ^ (X) such that G F s - C Ify and diam^ (V^ ) < 2~'- If <0r = s^OtO = sfO, then 
we choose f7„ iT . G El(X u ) such that diam dxw (U n - r ) < 2~ l and (z S £i r )i e£J G U n - r C f/„ jt . □ 



5 The Baire-measurable natural extension in infinite dimension works. 

Theorem 1 .7 is a consequence of Theorem 1 .6, Lemma 2. 1 and of the following result: 
Theorem 5.1 [u/^Aj < Bm [G, A w n G w ]. 

Notation. We define the following equivalence relation on the Baire space lo^, which is the analogous 
version of the usual equivalence relation Eo on the Cantor space 2 W (see [H-K-L]): 

a Eq <3> 3m £u Vn>m a(n) = (3(n). 

Lemma 5.2 There is a dense and ¥^ -invariant Gg subset G of uj^ such that 

VaGG VI,mGw 3n>m s^/Ca 

( in particular, GCG). 

Proof. We set Go :={aGw w | V/,mGw 3n>m s%l C a}. Note that Go is a dense G# subset of 
lo^. We also define, for n,pSw, fn-^ w — ► {a£^ | a(rj)=p} by 



#(a)(ro):= 



a(m) if m^n, 

< 

p if m = n. 

Note that is onto, continuous, open, and has a clopen range. Then we set 

D:={HQuj w | if is a dense G 5 } 

and we define $ : D -» D by $(if) := if n fln.pe^ UnT l {H). This allows us to define, for qEu, 
G q+ i := ®{G q ), and we set G := fLew Note tnat GeD. Moreover, if a G G and n,p£uj, then 
/£(<*) G G. Indeed, let gGw. Then q G G g+ i C (/£) -1 (G,). Now if /? Egf a, then there is s G a; <w 
such that /? = s(a — a\\s\) (which means that s C /3 and q, /? agree from the coordinate |s| on). We 
set, for i < \s\, 0i := (s\i)(a — a\i), so that (5q = a and = (3. Note that = f-^\(3i) for each 
i < |s|, by induction on i. This proves that G G for each i < |s|, by induction on i In particular, 
/3gG which is Eq" -invariant. This finishes the proof since G C Gq. □ 
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Notation. For each / Gw, we define an oriented graph Gj^-y on u + as follows: 

sG^s' ^ Bneoj 3i^0 3teuj <UJ (s,s') = {s%0t,s%it). 

We denote by Gi + \ the symmetrization of Gj^_ v 

Lemma 5.3 The graph (lo 1+1 , Gi + i) is connected and acyclic. 

Proof. We argue by induction on I. For I = 0, we have 

iG x i ^ (i = 0andiV0)or(i' = 0andi^0). 

If i < i', then (i, 0, i') is a Gi-walk from i to i! if % ^ 0, and (i, i') is a Gi-walk from i to i' if i = 0. 
Thus (oj, G\) is connected. Now if (ij)j<L is a Gi-cycle, then either io / and ii = = 0, or 
io = and %2 = 0. In both cases, this contradicts the fact that (ij)j<L is a cycle. Thus (oj, G\) is 
acyclic. 

Assume that the result is true for /. Note that 



We set, for i G oj, E; l := {ti \ t <G oj 1+1 }. Note that oj 1+2 is the disjoint union of the E^s, that the 
map i — ^ i is an isomorphism from (Ei, Gi + 2) onto (oj 1+1 , Gi+i), and that the map sf +l i i-> i is an 
isomorphism from {{sf +1 i \ i G oj}, onto (w, G\). In particular, (E 1 ,;, G7+2) is connected and 

acyclic, and (oj 1+2 , 67+2) is connected. 

Now if [tj)j<L is a G/ + 2-cycle, then the sequence [tj (1+ l)]j<L is not constant. There are jo < £ 
minimal with tj (l + l) ^ to(l + l), and ji > jo minimal with tj 1 (l + l) = to(l + l). Note that 
t jo _ x = t h = sf +1 t (l + l). Thus j = 1 and ji = L. If t (Z + l) + 0, then ii = = sf +1 0. If 
to(^ + l) = 0, then the sequence [ij(7 + l)]o<j<L is constant and t\ = tL-i = sf +1 t\(l + l). In both 
cases, this contradicts the fact that (tj)j<L is a cycle. Thus (oj 1+2 , G7+2) is acyclic. □ 

Notation. Lemma 5.3 and Theorem 1.2.5 in [B] imply the existence, for each pair {s, s'} of distinct 
vertices in oj 1+1 , of a unique s — s' path in (oj l+1 , G7+1). We will call it p 1 ^. If s = s', then we set 
p 1 ^ :=< s >. The proof of Lemma 5.3 shows that 



siGi + 2s'i' <3> (s = s' = sf +1 and iG\i') or (s Gi + \ s and i = i'). 



{ <^(0K...,p^(b^|-i)z>if i=i>, 



<p\ 



,1+1 



(0)i,...,p< 



i+1 



(\p[ 




i)i,sf +1 o,p l s t l ^(oy,...,^ 1 s ,(\ P l s , 




P 



,1+2 

si,s'i' 



= < 



i+1 



(o)i,.., P ; 




1+1 



l)<,pSt 1 1> y(0)i / ,...,^ 1 1>y (W 




otherwise. 



Lemma 5.4 Le? 77i<?« [[/3] E ^ , A w n ([/?] E ^ )1 :< [G, A w n G w ]. 
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Proof. We have seen that if a Eq " (3, then there is s G u <u) such that a = s (f3—(3 \\s\). We will construct 
u(a) GG by induction on \s\. 

• If \s\ = 0, then we simply choose u((3) G G. 

• If |s| = 1, then we choose no6w such that s^ Q /?(0) Cu(/3), and we set 

n[i(/3-/?|l)]:=< () i[ U (/3)-n(/3)|(n + l)] 

if » ^ /?(0). Note that Egf «(/?) G G, so that u[i((3 - (3\1)] G G. Moreover, we have 

(u[i(0-P\ 1)])^^. 

• Assume that u(a) G G is constructed for |s| < / + 1, which is the case for I = 0. Let (p : — > w be 
a bijection with </p(s^ ) _ 1 ) =0. 

• We construct (E q ) q( z w G ["P(u;)] w C-increasing such that [{ip~ 1 (p) | peE q }, Gi + i] is connected for 
each g G w (see Lemma 5.3). We proceed by induction on q. We first set Eq := {0}. Assume that E q 
is constructed. 

- If E q = u), then we set E q+ i :=u>. 

-If E q ^ uj, then we use the paths p^j defined after Lemma 5.3. We choose r Gw\£ g minimal for 

which there is pEE q such that b^t 1 !^ ^-i^) I = 2- Such an r exists since if m £uj\E q , then there is 

i<\p l t 1 -it \ I minimal such that tplp 1 ^ 1 _i, Ji)] &E a , and lo't+i , , !+1 ,J = 2 

1 s "+'* (ra)l ^'i+i* W UJf q ' '^.-iwM^.-iwW 1 

since i > 0. As [{</? _1 (p) \ p G E^Gz+i] is connected, and acyclic by Lemma 5.3, there is a 
unique p G E q such that ip^ 1 (p) Gj+i ip~ l (r). There are n < I, iq ^ and t G u> l ~ n such that 
{^" 1 (p), y^WHKOt, s£i„t}. We set :=£ 9 U | iGo;}. 



Claim l[J, 6w ^?= w 



Indeed, let r€w\{0}. By induction on fcGw we see that p\p 1 ^} -.(1 + fc)] G|J gw -Eg. Thus 



This allows us to define q(s) :=mm{q£uj | y>(s) G -Eg}, for s£w i+1 . 

Claim 2 Le? n < I, and t G ui l ~ n . Then there is i £ uj such that q{s^it) < q(s%jt) for each j / i. 
Moreover, q(s%jt) = q(s%j't) ifjj'^i. 

Indeed, we argue by contradiction. Choose i ^ j such that q := q™' 1 = qj' 1 is minimal among the 
(?]?'*'s. By definition of Eq we have q / 0. As <p(s%it) G E g \E q -i, we have E q -\ j^lo. This implies 
the existence of n' < I and t' G J~ n ' such that E q \E q ^i C {^(s^it') | Thus s^t and s%jt 

differ at the coordinate n', which implies that n = n' and t = t' . By construction of E q there is k G a; 
such that s^&i G which contradicts the minimality of q. This proves Claim 2. 
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• We have to construct u(sk[(3 - (3\(l + 2)\) G G for \s\ = 1 + 1 and k ^ (3(1 + 1). We will construct 
u(sk[(3-(3\(l+2)]) by induction on q(s). 

- If q(s) = 0, then s = sf +1 and we choose n\Gu! such that s^(3(l + l) C u(sf +1 [P~ (3\(l + l)]), and 



«(ar+i*[^-/3|(i+2)]):=< 1 fe[«(ar+i[^-^l(i+l)])-«(«r+i[^-^ia+ 
if k^(3(l+l). As before, u(s£, 1 fc[/3-/?|(Z+2)])eG. Moreover, [u(s^ +1 z[/3-/3|(Z+2)])] i6a , G A, 



- Assume that u(sk[(3 — (3\(l + 2)]) G G is constructed for q(s) < q, which is the case for q = 0. If 
q(s) = q+1, then tp(s) G E q+ i\E q . This implies the existence of n < I, t G uj l ~ n , io ^ and of a unique 
peE q such that s} = {<0t, s^oO- 

Note that < <7> so that Pp •= u(ip~ l (p)k\J3 - (3\(l + 2)]) is defined and in G. We choose 

n q+ \ G cj such that [c^ -1 (p)(n)] C and we set 



if i^tp 1 (p)(n). This is licit by Claim 2, since only (3 V is defined among the u(s^itk[(3— /3|(Z+2)])'s. 
As before, u«itfc[/3-/3|(Z + 2)]) G G. Moreover, [u(a£itfc[/?-/3|(J+2)])] iew G A w . 

• Now u : [(3] E ^ — > G is constructed. Assume that (s^ry)j etJ £ A w fl ([/3]e"") w - We can write 
7 = i<5, where i G w <w , 5 = /3 - (3\ (n + 1 + \t |), and *(|* | - 1) / /?(n + \t\) if i / 0. We have 
to check that [u(s%ij)]i &LJ G A w . We may assume that t / 0. We set := t(\t\ — 1) and also 
t := — 1). Then (s^ij)^ = (s^itk5)i^ w , and Claim 2 provides i. Now the construction of u 
shows that [u(s^i^)]ieuj G A w (consider /:=n+|t|). □ 

Proof of Theorem 5.1. Using the axiom of choice, fix a selector S : u> u — > lo^ for Eq", i.e., a map 
satisfying aEf/3 S(a) = S((3) Eft" a for each a,/5Gw w (see 12.15 in [K]). We can write 



we set 



u(s^k[(3-m+m-=s^n q+ APv-Pp\in q+ i + l)\ 



u» = GU |J [/3] Er , 



/3eS{u"}\G 

and this union is disjoint. By Lemma 5.4 there is up : [(3] E ^ — > G such that 



A^n([/3] Er rc(^)- 1 (A w nG"), 



for each (3 G w". We define -u : w' 



Gby 




Now let U be an open subset of G. Then u' 1 (U) = (Gn U) U U/? 6 SK]\G Up (U). The set Gn f7 is a 
G,s subset of and U/3g5[w"]\g n /3 1 (^0 — ^ s meager. This proves that u is Baire-measurable. 
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Now let (s^7)i 6 o; G A w . Note that 5^7 Eq s^j'7 if i, j G w. If s^O-f G G, then 

[u«* 7 )] i6a; = «i 7 )^ e A w n G" c A w n G" 

since G is Eq" -invariant. If s^Oj g G, then there is (3 G S l [w a; ]\G such that 5^07 G [/?] E ^. In 
this case we have {s^) ieu) G A w n ([/?] E ^) W . Thus [up(s%i'y)]i eu G A u n G u C n G" and 
[u(s^7)] i6a , G A w n G w . This finishes the proof. □ 

Question. Is it true that [u^ , A w ] [G, A w n G w ]? This would imply that we can replace "Baire 
measurable" with "Borel" in Theorem 1.7. 
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